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1. INTRODUCTION 
In [7], Paris proved the inequalities 
1 5 x-‘Jy(vx)/JV(v) s exp[v(l -x)1, O~x~l, 
when v >O. Let 0 <jY, 1 <jY,2 < ..’ be the sequence of positive zeros of 
J,(x) and let j:, 1 be the smallest positive zero of J:(x). A function f(x) is 
called absolutely monotonic on an interval Z if f(“)(x) 2 0 on Z, n = 0, l,...; 
see Widder [9]. In this note we shall prove the following theorems: 




x(VPP)12exp X --- 
H 4 p+l v+l )I J,(x”2)/J,(x”2) (1.2) 1 
is absolutely monotonic on [0, jt, ,). 
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One consequence of Theorem 1 (see Corollary 7 below) is that 
x-“J,(x) exp[x2/(4v +4)] is decreasing on (O,j,,, ,). By contrast, we have 
the following result: 
THEOREM 2. The function 
h,(x):= x-“J,(x) exp(lx), /i:= v/j:, 1 
is a strictly increasing function of x on [0, j:, ,] when v > 0. 
(1.3) 
THEOREM 3. Let v > - 1 and define 
p(x):= f In 
J,(ax”2) 
J,(x”~) exp [ ($-+‘1;1]’ 
then p(x) is absolutely monotonic on [0, jt, 1) when 0 < a < 1. 
THEOREM 4. For v > - 1, the function f,(x) defined by 
fY(x2)=ln $Q$ +(1i.I)x2 1 1 “, 1 v, 1
(1.4) 
(1.5) 
is increasing on [0, j:, ,) and decreasing on (jt, , , jt, 2). Furthermore -f:‘(x) is 
absolutely monotonic on (0, j: 2). 
These theorems will be proved in Section 2. The proofs borrow some 
ideas from [4, 51. In fact [4, 51 contain similar results involving modified 
Bessel functions and the gamma function. 
Since the exponential of a function having an absolutely monotonic 
derivative is absolutely monotonic, Theorems 1 and 3, respectively, imply 
the following useful and possibly more attractive corollaries: 
COROLLARY 5. Assume that p 2 v > - 1 and 
U,(x2)=xYPUexp Jp(x)/Jv(x). (1.6) 
Then u,(x) is absolutely monotonic on [0, j:, ,). 
COROLLARY 6. If v> - 1 and 0 <a< 1 then w,(x) is absolutely 
monotonic on [0, jt, I) where 
J&x) w&x2) = - J 
” 
(xl expt(a2 - 1) x2/(4v + 411. (1.71 
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We shall see in Section 3 that the limiting case p+ cc of Corollary 5 is 
the following result: 
COROLLARY 7. For v > - 1 the function 
xv/’ exp[ -x/(4v + ~)]/J”(x”~) (1.8) 
is absolutely monotonic on [O, jz, , ). 
Our results imply many inequalities. One example which follows from 
Corollary 7, as we shall see in Section 3, is 
J,(vYWAV) >Y” expCv2(l -~~)/(4~+4)1, (1.9) 
for y E (0, l] and v > 0, with equality if and only if y = 1. Observe that (1.9) 
provides a sharper lower bound than the one given in (1.1). Theorem 2 can 
be used to sharpen the upper bound in (1.1). The result is Corollary 8: 
COROLLARY 8. When v > 0 and x E [0, l] then 
x-“J,(vx)/J,(v) i expCS(l - ~11, t:= v2/j;, , (1.10) 
holds with equality if and only if x = 1. 
A proof of Corollary 8 will be outlined in Section 3. Note that 5 < v (or 
A< 1) because [2, p. 601 
j:, , > [v(v + 2)]‘12. 
2. PROOF OF THEOREMS l-4 
In this section we include proofs of Theorems 1, 2, 3, and 4. Proofs of the 
remaining results are in Section 3. We start by stating some well-known 
identities that will be used in the sequel. The Weierstrass factor product for 
J,(x) is [8, p. 4981 
2”r(v+l)J”(x)=x” fi [l-x’/&], v> -1. (2.1) 
k=l 
The Mittag-LelIIer expansion for a quotient of Bessel functions is, see, for 
example, [2, p. 611, 
Jv+~(x)lJv(x)=2x~ (X,.-x”)-‘, v> -1. (2.2) 
1 
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The limiting case x + 0 of (2.2) leads to [8, p. 5021 
~j,,$=1/[4(v+l)], v> -1. (2.3) 
Evaluating the residues of the functions in (2.2) at their poles gives, see also 
[ll? 
f, [Jo,.-j:*l’=~(v+l)/j:*, v>-l,k=l,2 ,.... (2.4) 
nfk 
Proof of Theorem 1. Clearly (2.1) implies 
$[lnJ~(xl~‘)--~lns]=~ {~-js,.}~‘, 
1 
which when combined with (1.2) gives 
h(x) = A--&+; C(~~,.-x,~‘-(~:,.-x,~‘l. (2.6) 
The zeros j,, n are strictly increasing functions of v, v E ( - 1, co), for fixed n, 
n = 1, 2, 3 ,...) Watson [S, Sect. 15.81. This and the representation (2.6) 
imply the positivity of all the derivatives of h(x) on [O, jz, r). To see that 
h(x) is also positive note that h(x) is increasing and h(0) = 0, as can be seen 
from Eq. (2.3). 
Proof of Theorem 2. Applying the differential recurrence relation (55) 
on p. 12 of [2] we get 
h:(x)/h,(x) = I. - vx - ’ + J:(XYJ”(X) = A- Jv + ,(X)/J”(X). (2.7) 
The function J “+ I(x)/Jy(x) is strictly increasing on [0, j, r), vanishes at 
x = 0, and tends to + co as x + j,, , - 0 [6, Lemma 2.5, p. 7621. This shows 
that h:(x)/h,(x) is strictly decreasing on [0, j,, ,) and its range is (- co, 21. 
From (2.7) we see that 
Therefore h;(x)/h,(x) is positive on [0, j:, 1) and the proof is complete. 
Proof of Theorem 3. The identity (2.5) in the proof of Theorem 1 yields 
P(X) = m ‘*-l +f [(jt,n-x)-‘-(a-2jt,n-x)-1] 
1 
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from which one can easily show that p(“)(x) is positive for n > 0 and 
0 <x < jt, i. This makes p(x) strictly increasing and (2.3) gives p(O) = 0. 
Therefore p(x) is positive and the proof is complete. 
Proof of Theorem 4. From (1.5) and (2.1) we obtain 
ifdx)=p- f (jZ,.-x)V’. 
n=2 
(2.8) 
Moreover, successive differentiation shows the absolute monotonicity of 
-f:‘. In particular f: is decreasing and (2.4) shows that r(jz, 1) = 0. Thus fV 
is increasing on (0, jz, I ) and decreasing on (jf, 1, j:, 2). 
3. ADDITIONAL PROOFS AND INEQUALITIES 
The familiar power series representation 
J 
fl 
(x )  = f  (  -  1 Yww + 2n 
o n! qp+++ 1) 
shows that (x/2))” r(p + 1) J,(x) + 1 as p + co. This suggests that 
Corollary 7 is a limiting case of Corollary 5. In fact one can show, as in our 
proof of Theorem 1, that the logarithm of the function (1.8) is absolutely 
monotonic. This proves Corollary 7. 
The inequality (1.9) follows from Corollary 7 by comparing the values of 
the function (1.8) at the points y = v2 and y = x2v2. Both points belong to 
[0, jz, , ), since j, 1 > v [S, Sect. 15.33. Similarly, Corollary 8 states that 
h,(vx) does not exceed h,(v), an immediate consequence of Theorem 2. 
In the same way, Theorem 4 gives an inequality 
--y J,(vx) < (X,, - v’x2) 
X- 
J,(v) 05, 1 - v2 1 
ewC(l + v) v2(l -x’M2jZ, 1)1, (3.1) 
0 < x < 1, v > - 1. This is less elementary than ( 1.10) but numerical 
evidence indicates that it is sharper. Also it holds for v > - 1 rather than 
just v>O. 
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